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Abstract
We use the out-of-time-order (OTO) correlators to study the slow dynamics in the many-body
localized (MBL) phase. We investigate OTO correlators in the effective (“l-bit”) model of the MBL
phase, and show that their amplitudes after disorder averaging approach their long-time limits as
power-laws of time. This power-law dynamics is due to dephasing caused by interactions between
the localized operators that fall off exponentially with distance. The long-time limits of the OTO
correlators are determined by the overlaps of the local operators with the conserved l-bits. We
demonstrate numerically our results in the effective model and three other more “realistic” spin
chain models. Furthermore, we extend our calculations to the thermal phase and find that for a
time-independent Hamiltonian, the OTO correlators also appear to vanish as a power law at long
time, perhaps due to coupling to conserved densities. In contrast, we find that in the thermal phase
of a Floquet spin model with no conserved densities the OTO correlator decays exponentially at
long times.
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I. INTRODUCTION
Quantum thermalization is a topic that has received renewed attention in different areas
of physics. For a realistic isolated quantum many-body system totally decoupled from the
environment, the interactions can produce chaos and at long times thermalize all small
subsystems under the dynamics of the full isolated system. Such systems then act as their
own bath and are in a thermal phase.1,2
On the other hand, not all interacting systems succeed in thermalizing themselves. One
fascinating example is a many-body localized (MBL) phase where quenched disorder prevents
thermalization.3–7 The MBL phase is an interacting many-body generalization of Anderson
localization.8 Deep inside the MBL phase with strong disorder, the Hamiltonian can be
effectively described in terms of a set of conserved and localized integrals of motion (some-
times called “l-bits”) with exponentially decaying interactions between them.6,7 These weak
long-range interactions are responsible for slow long-time dynamics observed in the MBL
phase which are absent in noninteracting Anderson localization.7,9–14 For a review of MBL
phases and their comparision with thermal phases and noninteracting localized phases, see
Ref. 15 and Table 1 therein.
Recently, the out-of-time-order (OTO) correlator has been proposed to measure the dy-
namics of quantum chaos and entanglement in many-body quantum systems.16–23 The OTO
correlator of two Hermitian operators for a given pure state is defined as
Os(r1, r2; t) = 〈ψ|Wˆ (r1, t)Vˆ (r2, 0)Wˆ (r1, t)Vˆ (r2, 0)|ψ〉 , (1)
where |ψ〉 is some initial state. The behavior is generally qualitatively the same for ±t due
to the reversibility of the dynamics, so we will for specificity and familiarity choose to look
at positive time t. The same quantity can also be defined for a thermal average
Oβ(r1, r2; t) = 〈Wˆ (r1, t)Vˆ (r2, 0)Wˆ (r1, t)Vˆ (r2, 0)〉β , (2)
where 〈·〉β = Tr[e−βH ·]/Z represents the usual thermal expectation value and Wˆ (r1, t) =
eiHˆtWˆ (r1, 0)e
−iHˆt is the time evolution of a local operator Wˆ (r1, 0). At t = 0, Wˆ (r1, 0)
and Vˆ (r2, 0) are two local operators inserted at locations r1 and r2 separated by a distance
r = |r1− r2|. For r 6= 0 and t = 0 they commute. Therefore, Oβ(r1 6= r2; t = 0) = 〈Wˆ 2Vˆ 2〉β.
As time goes on, the evolved operator Wˆ (r1, t) spreads in space and its commutator with
Vˆ (r2, 0) becomes nonzero and grows. For simplicity, we can consider the single state OTO
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correlator Os(t, r), which can be regarded as the overlap of the two states
|1〉 = Wˆ (r1, t)Vˆ (r2, 0)|ψ〉 |2〉 = Vˆ (r2, 0)Wˆ (r1, t)|ψ〉 . (3)
In a spacetime diagram, the state |1〉 corresponds to the following four operations applied
on state |ψ〉: (1) acting with the V operator at r2, (2) evolving to time t, (3) acting the W
operator at t and r1, (4) finally doing backward time evolution to the initial time. On the
other hand, the state |2〉 is produced by having the V operator act last. In a chaotic system,
this difference will change the state significantly and therefore indicates the strength of the
“butterfly effect”. Since we expect the overlap to be smaller as time goes on, the OTO
correlator for a single state in general will decay. The thermally averaged version is the
Boltzmann average over all the energy eigenstates.
In a thermal phase in which chaos is present, the OTO correlator will eventually decay
to zero. The precise form of this asymptotic behavior is model-dependent as is discussed in
this paper. For the strongly chaotic system, at intermediate times, the OTO correlator is
expected to take the universal form20,21,24
O(t, r) ∼ c0 − c1eλL(t−r/vB) (4)
where vB is some characteristic butterfly velocity that defines the effective “light cone” for the
spreading of the operators.17,25 This form has been derived using large-N or semiclassical26
limits and it is not to our knowledge known to what extent it applies beyond these limits. In
this intermediate time regime, the OTO correlator grows exponentially with rate λL, which
is the quantum analog of a Lyapunov exponent. It is argued to obey an upper bound20
λL ≤ 2pi
β
(5)
Among models with such a thermal phase, the Sachdev-Ye-Kitaev model is one of the fastest
scramblers and saturates this upper bound.21,27–29
In this paper, we will use OTO correlator to study the spread of operators in a MBL
phase in one-dimensional systems. Since the MBL phase has no chaos in it, the OTO
correlator need not decay to zero at long times, and we show that the thermally averaged
OTO correlator approaches its long time value as a power-law in time, due to the dephasing
caused by the exponentially small effective interactions between two remote regions. We
show how the exponent of this power-law-in-time decay is related to the entropy density
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of the dephased state and the decay length of the effective interactions. Actually, these
small interactions are essential for the slow dynamics observed in the MBL phase, such
as the logarithmic growth of entanglement from an initial non-entangled state.7,9–13 Notice
that the OTO correlator can measure the non-commutativity of two local perturbations at
different times, therefore it is very similar to the non-local spin-echo protocol (introduced in
Ref. 14), which detects the influence of local perturbations in one region on another region
and probes the long-range interaction effects in a MBL phase. For a single energy eigenstate,
the OTO correlator does not converge at long times, instead it oscillates quasiperiodically
forever. The dephasing only comes when the state contains many different eigenstates that
each oscillate differently.
We verify this power law decay numerically in the effective (“l-bit”) model of the MBL
phase and three other one-dimensional and more “realistic” spin-chain models. These models
include an Ising model in a random transverse field and uniform longitudinal field, the
Heisenberg model in a random field, and a Floquet (periodically driven) spin model with
disorder. In all of these models, we observe the power-law decay of the OTO correlator in
their MBL phases. This is different from the thermal phase, where the late time behavior
appears to be more model dependent. In the thermal phase of the Heisenberg model in a
random field we find that the OTO correlator decays faster, but still as a power law at late
times. We attribute this behavior to coupling to the conserved energy and spin densities.
In contrast, in the thermal phase of the Floquet system without any conserved densities, we
find that the OTO correlator decays exponentially to zero at long times.
Note: Recently, several papers studying OTO correlators in MBL phases were posted on
arXiv.30–34 Here we briefly summarize their results and note where our work differs. Most
of the authors studied the early time behavior when the two operators do not yet strongly
overlap in space. For example, in Ref. 30, the authors discussed the early time behavior
of OTO correlators to detect the logarithmic light cone effect. Ref. 31 showed that OTO
correlator deviates from unity as a power law rather than exponentially at early time. They
also derived an interesting theorem relating the second Re´nyi entanglement entropy to OTO
correlators and confirmed with some numerical studies of spin chain models. Ref. 32 is a
generalization of Ref. 22. The authors studied the OTO correlator in a doubled system with
two operators acting on the input and output channel respectively. They also focused on
the early time behavior and studied the logarithmic light cone effect. Ref. 33 used the OTO
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correlator and the related squared commutator to study both the thermal phase and the MBL
phase. They observed the large fluctuations of OTO correlators in the MBL phase. Of these
papers, only Ref. 34 studied the late time behavior when the static operator is well within
the light cone of the other. The authors studied OTO correlators and squared commutators
in both MBL phases and interacting diffusive metals. In particular, they investigated the
OTO correlator in the effective model of MBL and showed that OTO correlators decay as
power laws, as in our results. The focus of our paper is the late time behavior of OTO
correlator which corresponds to the regime inside the logarithmic light cone. We support
the power-law decay behavior with extensive numerical calculations on various MBL systems
and different decaying behaviors in prototypical quantum chaotic systems.
The rest of paper is organized as follows. In Sec. II, we briefly review the effective
model of the MBL phase and investigate analytically the OTO correlators for different local
operators in this model. In Sec. III, we calculate numerically OTO correlators for several
models. In Sec. III A, we explore the OTO correlators numerically in the effective model of
the MBL phase and verify the analytical predictions of Sec. II. In Sec. III B, III C and III D,
we further study three one-dimensional spin-1/2 models: (B) an Ising model in a random
transverse field and uniform longitudinal field, (C) the Heisenberg model with a random
field and (D) a Floquet disordered spin chain. In all of these models, we find the power-law
behavior of OTO correlators in their MBL phases. In cases (C) and (D), we also extend our
calculations to the thermal phase and study how the OTO correlators approach zero at late
times. Finally, we summarize in Sec. IV.
II. OTO CORRELATOR FOR THE EFFECTIVE MODEL OF THE MBL PHASE
A. The effective model of MBL phase
In this section, we briefly review the effective (“l-bit”) model of the MBL phase.6,7,35 The
system we study is a one-dimensional spin-1/2 chain. With only short-range interaction and
strong disorder, the system can enter a fully many-body localized phase, wherein all the
eigenstates of the Hamiltonian are localized. In this phase, the system can be characterized
by a complete set of localized pseudospins {τi} whose z components are all conserved. These
{τi} are sometimes called “l-bits”, and are “dressed” spins-1/2 constructed from the bare
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spins {σi}. The effective Hamiltonian of the MBL phase in terms of the τ -operators is
Hˆ =
∑
i
h0i τˆ
z
i +
∑
i,j
J0ij τˆ
z
i τˆ
z
j +
∑
ijk
J0ijkτˆ
z
i τˆ
z
j τˆ
z
k + . . . . (6)
It can be exactly solved since all terms commute, i.e., [τˆ zi , τˆ
z
j ] = [τ
z
i , H] = 0.
In Eq. (6), the h0i are random fields acting on each of the dressed τ -spins. The coefficients
J0 in the pseudorandom multi-spin interactions have some characteristic strength which
falls off exponentially with increasing distance. In the Anderson localized phase with no
interactions, all the J0’s vanish and only the fields h0i are nonzero. In the MBL phase, the
interactions J0 are essential for the logarithmic-in-time growth of entanglement entropy and
other related effects, which are absent in noninteracting Anderson localization.7,9–14
If we focus on two l-bits i and j, we can write the Hamiltonian (6) as
Hˆ = Hˆi¯j¯ + hˆj¯i τˆ zi + hˆi¯j τˆ zj + Jˆeffij τˆ zi τˆ zj , (7)
where the first term is the sum of all terms in (6) that do not involve l-bits i and j, the
second term is the sum of all terms that do involve l-bit i but do not involve l-bit j, the
third term is vice versa, and the last term is the sum of all terms that involve both l-bits
so produce interactions between these two l-bits. It is the effective interaction Jˆeffij that we
will be most interested in. In the MBL phase this interaction typically falls off exponentially
with the distance r between the two l-bits, Jˆeffij ∼ J0 exp (−r/ζ), with a decay length ζ that
in general depends on the state of the system7. Since this effective interaction depends on
the values of τˆ zk for all the other l-bits k, it is an operator. The contribution of l-bit k to the
effective interaction typically falls off with distance as ∼ exp (−l/ζ), where l is the distance
between the farthest-apart pair of l-bits among i, j, and k.
B. OTO correlator in the MBL phase
1. Either Wˆ or Vˆ is the local τˆ z
Suppose we take Wˆ (r1, 0) to be the local integral of motion τˆ
z
r1
. This operator will remain
invariant under the time evolution,
Wˆ (r1, t) = Wˆ (r1, 0) = τˆ
z
r1
(8)
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Thus this time-evolved operator commutes with any arbitrary local operator Vˆ (r2, 0) at a
different location r2. And since the commutator is zero, it remains zero for all times, so
these two operators commute at all pairs of times: [Wˆ (r1, t1), Vˆ (r2, t2)] = 0. Therefore in
this case the OTO correlator is a time-independent nonzero constant, so does not decay with
time. The same argument applies if we instead set Vˆ = τˆ zr2 .
2. Wˆ (r1, 0) = τˆ
x
r1 and Vˆ (r2, 0) = τˆ
x
r2
In this case, the τˆxr1 operator of the initial Wˆ (r1, 0) will precess around its z-axis at a rate
that is affected by the value of τˆ zr2 via the effective interaction Jˆ
eff
r1r2
. This gives the OTO
correlator a time-dependence. This is also true if either or both of the operators are τˆ y’s.
Putting in the dynamics explicitly using (7), it is only the effective interaction term that
gives a time dependence, resulting in
O(r1, r2; t) = 〈exp (it4Jˆeffr1r2 τˆ zr1 τˆ zr2)〉 . (9)
Since the effective interaction falls off exponentially with the distance |r1 − r2|, the OTO
crosses over from time independent at large distances to significantly time dependent at
shorter distances, with this crossover happening at a distance that grows logarithmically
with time: ∼ ζ log (J0t). The eigenstates of Hˆ are also eigenstates of all the operators in
this expression, so for them the OTO correlator Os(r1, r2; t) simply oscillates in time at a
frequency set by the effective interaction between those two l-bits. However, this frequency
differs between eigenstates, which results in dephasing of these oscillations for states that
are composed of many different eigenstates, as we discuss in more detail below.
3. General choice of local operators
Following the discussion in the previous subsections, we now consider the OTO correlator
for general choices of local operators. We are particularly interested in the OTO correlator
when Wˆ and Vˆ are bare local spin operators in a realistic spin model. In the MBL phase we
can expand the bare spin operators Wˆ (r1, 0) and Vˆ (r2, 0) in terms of the τˆ
x,y,z operators as
Wˆ (r1, 0) = a1τˆ
z
r1
+ b1τˆ
x,y
r1
+ . . . ,
Vˆ (r2, 0) = a2τˆ
z
r2
+ b2τˆ
x,y
r2
+ . . . ,
(10)
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where . . . is comprised of sums of tensor products of τˆx,y,z’s at nearby sites. Thus each oper-
ator Wˆ , Vˆ is generically a sum of a part that consists only of products of τˆ z’s so commutes
with Hˆ and gives only time-independent nonzero contributions to the OTO correlator, and
a part that contains τˆx,y’s so does not commute. The contributions to the OTO correla-
tor from the nonconserved terms in both operators oscillate in time and have a zero time
average, as in the example of the previous subsection. In general O(r1, r2; t) is essentially
time independent at small |t| before the operators spread enough to overlap and interact
significantly. The time dependence appears near and beyond t ∼ (1/J0) exp (r/ζ), where
r = |r1 − r2|. At long times O(t) generically either converges to or oscillates around some
nonzero real constant.
For an eigenstate of Hˆ the set of oscillating contributions to Os(t) is discrete and gives
a convergent sum. As a result, for eigenstates the generic long-time behavior of Os(t) is
a quasiperiodic function of time that is different in detail between eigenstates, since the
effective interactions are eigenstate- and sample-dependent. We are also interested in the
thermally averaged behavior where these oscillations instead dephase at long times in Oβ(t).
The dephasing comes because different eigenstates give contributions that oscillate in time
at different frequencies. The change in the frequency from flipping a l-bit at distance l from
the farthest of the two sites is ∼ J0 exp (−l/ζ), so this will result in dephasing between these
two eigenstates after time t ∼ (1/J0) exp (l/ζ).
The time evolution of Oβ(t) thus starts with it essentially time independent at early
times, as discussed above. Around t ∼ (1/J0) exp (r/ζ) all the eigenstates that differ in
between sites r1 and r2 begin to dephase. The number of such states is ∼ exp (sr) where s
is the entropy per unit length which depends on β and decreases with increasing |β|. The
time-dependent part of Oβ(t) then becomes a sum of an effectively random contribution
from each dephased eigenstate, so its magnitude rapidly decays around this time by a factor
of ∼ exp (sr/2). At later times, the distance over which other l-bits cause dephasing is
l ∼ ζ log (J0t). There are two cases: if either r1 or r2 is at the end of a semi-infinite chain,
then the number of dephased eigenstates grows as ∼ exp (sl), since the extra dephasing
can only come from one side at the end of such a semi-infinite system. This results in the
time-dependent part of the OTO correlator oscillating quasiperiodically inside a power-law
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decaying envelope so that
|Oβ(t)−Oβ(t→∞)|2 ∼ (J0t)−sζ (11)
at the end of the chain. Note that this behavior does not depend on r = |r1 − r2| in this
time regime. If, on the other hand, we are in the bulk of an infinite chain then there is more
dephasing, since other l-bits on both sides can contribute to the dephasing. In this case the
number of dephased eigenstates grows as ∼ exp (s(2l − r)) so there is more dephasing in
this late time range as compared to the end of the chain. This results in instead
|Oβ(t)−Oβ(t→∞)|2 ∼ (J0t)−2sζ exp (sr) (12)
in the bulk of an infinite chain in this late-time regime.
If we simply do the disorder average Oβ(t) then these power laws due to dephasing are
not seen, since they oscillate incoherently between samples and their disorder average is thus
zero. To see the power laws the disorder average that we take is |O(t)|2. For two generic
local operators Wˆ (r1, 0) and Vˆ (r2, 0), this disorder average in an infinite system will exhibit
a late time power law decay to a constant,
|Oβ(t)|2 ∼ A
tα
+ γ , (13)
where γ ≥ 0 is determined by the overlap of Wˆ (r1, 0) and Vˆ (r2, 0) with the local integrals
of motion τˆ z, A ≥ 0 is determined by their overlaps with the τˆx,y’s, and the exponent α is
as given above.
Finally, we would like to briefly discuss the OTO correlator for the noninteracting An-
derson localized phase. The effective model for an Anderson localized phase is (6) with
all the interaction terms set to zero. Therefore, the only OTO correlators of the τ ’s that
are time-dependent are at the same site in (6). If we look at the OTO correlators of the
bare operators at two different sites, time-dependence arises only to the extent that single-
particle eigenstates have weight at both of those sites. The frequencies that appear in the
time-dependence are only the single-particle energies and there is no dephasing, since there
are no interactions. So O(t) for a given sample remains quasiperiodic and does not decay to
a constant at long time, even after thermal averaging.
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III. NUMERICAL SIMULATION
To test the above arguments, we begin by numerically studying the OTO correlator in
the effective model and then study three more “realistic” spin chain models. Throughout
this section, we use open boundary conditions and put the Wˆ (r1, 0) on the left boundary, so
that it will only propagate in one direction. Unless specified otherwise, the disorder average
in the calculation is over 104 samples, such that the error bar is almost invisible in our plots
in most regimes.
A. The effective model
t100 102 104 106
|O
-
(t)
|2
10-4
10-2
100
r2=3
r2=4
r2=5
r2=6
L=12, -=0, 1=0.9
FIG. 1. The disorder average of the square of the thermally averaged OTO correlator |Oβ(t)|2 in
the effective model at β = 0 on a log-log plot, where Wˆ (r1, 0) = τˆ
x
r1 and Vˆ (r2, 0) = τˆ
x
r2 with r1 = 1
and r = |r2 − r1|. The decay length is ζ = 0.9 in units of the lattice spacing.
In this section, we check numerically the OTO correlators in the effective model defined
in Eq. (6) with Wˆ (r1, 0) = τˆ
x
r1
and Vˆ (r2, 0) = τˆ
x
r2
. We take the system size to be L = 12 and
calculate the disorder average of the square of the OTO correlator (denoted by |Oβ(t)|2) for
different separations (Fig. 1) and decay lengths (Fig. 2) at β = 0. In the calculation, J0
is fixed to be of order 1, and the coupling strength for each interaction term in Eq. (6) is
random and taken from a uniform distribution in the interval [−2−l/2e−l/ζ , 2−l/2e−l/ζ ], where
l is the distance between the pair of l-bits in that interaction term that are farthest apart.
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The factors of 2−l/2 are there so that when all contributions are added up the resulting
Jˆeff decays exponentially with decay length ζ. This is only an approximation to what the
effective model would be for a real spin chain. More realistically, the magnitudes of the
interactions should more broadly distributed (something like log-normal) and they should
be highly correlated since they all arise from the same instance of a local Hamiltonian with
only of order L random parameters. We do not vary β for this effective model, since our
approximation ignores the detailed correlations among the interactions that give the proper
dependence of ζ on β.
In Fig. 1, we show |Oβ(t)|2 for τˆx for separations r = |r2 − r1| ranging from 2 to 5. As
expected, at early times the OTO correlator is nearly constant, since we are outside of the
“logarithmic light cone” and the operator Wˆ (r1, t) has not yet spread enough to have any
substantial effect at r2.
7,10–13,36 The logarithmic growth of local operators with time is in
contrast with the ballistic growth in chaotic nonrandom systems.19 It is a manifestation of
the slow dynamics in MBL. When the time finally passes through the edge of the “light cone”
strong dephasing starts and the OTO correlators decrease by a factor that is exponential in
r. After this we see the expected power law regime with the OTO correlator independent
of r, since r1 is at the end of the chain. At the very latest times all eigenstates of this finite
system have fully dephased and this correlator saturates to a small value ∼ 2−(L−1) set by
the sample size.
In Fig. 2, we fix the separation to r = 2 and vary the decay length. Obviously, the OTO
correlator decays faster as ζ increases and thus produces more dephasing. The exponent of
the power law decay depends on ζ as shown in the inset of Fig. 2, in agreement with Eq.
11. The regular “wiggles” in the decay, which are fairly apparent for ζ = 0.6, are an artifact
of our approximation to the effective model, which gives all samples the same distribution
of interactions at each distance. This feature also makes the crossover from the power-law
decay to the late-time finite-size saturation sharper than it should be in both Figs. 1 and 2.
B. Ising spin chain with uniform longitudinal field and random transverse field
In this section, we numerically study an Ising spin chain with a uniform longitudinal field
and a random or uniform transverse field. We use the exact diagonalization method to di-
agonalize its Hamiltonian and then calculate the OTO correlator directly. The Hamiltonian
11
t100 102 104 106 108
|O
-
(t)
|2
10-4
10-2
100
1=0.9
1=0.8
1=0.7
1=0.6
10.6 0.9
,
0.4
0.6
L=12, -=0, r=2
FIG. 2. |Oβ(t)|2 in the effective model with different decay lengths ζ on a log-log plot. Here we
choose Wˆ (r1, 0) = τˆ
x
1 and Vˆ (r2, 0) = τˆ
x
3 . The power law exponents α (blue points) are shown in
the inset and they match up with the theoretical prediction (red curve) from Eq. 11.
is
Hˆ = −
∑
i
σˆzi σˆ
z
i+1 −
∑
i
hiσˆ
x
i − hz
∑
i
σˆzi . (14)
When the transverse field is random, we draw each hi from a uniform distribution on the
interval [−W,W ]. In the absence of the longitudinal field hz, this is the transverse field
Ising model and can be mapped to a noninteracting fermion model after a Jordan-Wigner
transformation. If the transverse field is random, this noninteracting model is Anderson
localized. If we take both Wˆ (t = 0) and Vˆ (t = 0) to be σˆz operators, when the disorder
strength W  1, the OTO correlator |Oβ(t)| will remain close to one for hz = 0. As we
discussed above, if Wˆ (t = 0) and Vˆ (t = 0) have overlap with the same l-bit, the OTO
correlator oscillates quasiperiodically with time and does not converge to a constant. This
is shown in Fig. 3, where the blue curve oscillates around 0.995. The frequencies are
determined by the single particle energies and are of order one.
The behavior of the Anderson localized case hz = 0 is unstable to dephasing when
interactions hz 6= 0 are added. In the model defined in Eq. (14), if the disorder strength
is strong, a small hz puts the system in the MBL phase. In Fig. 3, we compare single
samples with precisely the same random transverse fields with and without an interaction
(hz = 0 and hz = 0.1). At the earliest times both systems show roughly the same pattern
12
t0 10 20 30 40 50
|O
-
(t)
|
0.988
0.992
0.996
1
Anderson
MBL
L=12, -=0
FIG. 3. |Oβ(t)| at early times for a noninteracting Anderson localized system and for the MBL
phase. These are for only one realization of the random fields and we use the same realization for
both cases. Wˆ (t = 0) = σˆz1 and Vˆ (t = 0) = σˆ
z
3 with the Hamiltonian as defined in Eq. (14). The
blue points (connected with dashed lines) are for the Anderson localized case with W = 10 and
hz = 0. The orange crosses are for the MBL phase with W = 10 and hz = 0.1.
t101 103 105 107 109
|O
-
(t)
|
10-3
10-2
10-1
100
Anderson
MBL
L=12, -=0
FIG. 4. The same quantities in the same samples as shown in Fig. 3, but here shown to long time
on log scales.
of oscillation. The onset of the dephasing due to the interaction becomes quite apparent
in this plot around t = 25. As shown in Fig. 4, this damping due to dephasing continues
to very long time, with the MBL system’s OTO correlator oscillating within a power-law
13
decaying envelope.
10−5
10−4
10−3
10−2
10−1
100
102 103 104 105 106 107 108 109 1010 1011 1012
|O
β
(t
)|2
−
γ
t
β = 0, hz = 0.1, L = 12
W = 5
W = 10
W = 20
FIG. 5. |Oβ(t)|2 − γ with Wˆ (r1, 0) = σˆz1 and Vˆ (r2, 0) = σˆz3 at various W in a log-log plot. The
Hamiltonian is the Ising model in a random transverse field and a uniform longitudinal field defined
in Eq. (14). The parameters are L = 12, hz = 0.1 and β = 0. The standard deviation for |Oβ(t)|2
is always less than 1%. The growth of the error bars with time on the plot is coming from two
aspects: (1) Once we subtract γ, the relative error for |Oβ(t)|2 − γ increases with the time and
looks large for the last several points. (2) The log-log scale exaggerates the error bars at late times.
γ is evaluated by taking disorder average on 104 samples at around t = 1018 with relative error not
larger than 1%.
For each disorder realization, |Oβ(t)| has damped pseudorandom oscillations within a
power-law decaying envelope function. Once we take the disorder average, these oscillations
are fully dephased and only the power-law decay behavior (13) is left. In an infinitely long
system, |Oβ(t)|2 will eventually saturate to a constant γ determined by the overlap between
the initial operators and l-bits. In our numerical calculation for small L, to suppress the
finite size effect, γ is estimated by choosing a constant slightly smaller than the long time
limit of |Oβ(t)|2 (within the statistic error bar). In Fig. 5 and Fig. 6, we plot |Oβ(t)|2 − γ
on logarithmic scales for different W and hz. As long as hz is nonzero, |Oβ(t)|2 − γ decays
as a power-law in the long time regime. The slope decreases as W increases, since the decay
length ζ decreases as the system gets more strongly localized. We find that the slope, and
thus the decay length ζ, is not sensitive to hz, suggesting that here the decay length is
set by the localization length at hz = 0. The value of hz does affect the time at which
14
10−5
10−4
10−3
10−2
10−1
100
100 102 104 106 108 1010 1012 1014
|O
β
(t
)|2
−
γ
t
β = 0,W = 20, L = 12
hz = 0.01
hz = 0.1
hz = 1
FIG. 6. |Oβ(t)|2 − γ with Wˆ (r1, 0) = σˆz1 and Vˆ (r2, 0) = σˆz3 at various hz in a log-log plot. The
Hamiltonian is the Ising model in a random transverse field and a uniform longitudinal field defined
in Eq. (14). The parameters are L = 12, W = 20 and β = 0.
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FIG. 7. |Os(t)| for five eigenstates in the middle of the energy spectrum for the model in Eq. (14),
where Wˆ (r1, 0) = σˆ
z
1 and Vˆ (r2, 0) = σˆ
z
3 . The system size is L = 10. (a) is the thermal phase with
h = 1.05 and hz = 0.5.
37 (b) is the MBL phase with W = 10 and hz = 0.1.
the dephasing starts. The power-law decay is caused by destructive interference between
different eigenstates. We verify this point by further studying the OTO correlator for single
eigenstates. Fig. 7(b) shows the |Os(t)| for some excited eigenstates in the MBL phase.
They oscillate at different frequencies and never decay to zero, in contrast with the thermal
phase shown in Fig. 7(a), where |Os(t)| for the highly excited eigenstates decay quickly to
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near zero.
C. spin-1/2 Heisenberg model in a random field
To show that the long-time power-law decay of the OTO correlator is a generic feature of
the MBL phase, we consider another disordered spin chain model which has a MBL phase.
This model is a S = 1/2 Heisenberg chain in a random magnetic field, governed by the
Hamiltonian
Hˆ =
∑
i
(
σˆxi σˆ
x
i+1 + σˆ
y
i σˆ
y
i+1 + σˆ
z
i σˆ
z
i+1
)
+
∑
i
hiσˆ
z
i , (15)
where the random field hi takes a uniform distribution between [−W,W ]. This model has
been used extensively to study the MBL phase and the associated localization-delocalization
phase transition.5,38–41 Here we take the system size to be L = 12 and calculate the OTO
correlator for different β and different W .
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FIG. 8. |Oβ(t)|2 − γ with Wˆ (r1, 0) = σˆx1 and Vˆ (r2, 0) = σˆx3 for the Heisenberg model in a random
field at various β on a log-log plot. The system parameters are L = 12 and the random field
hi ∈ [−20, 20].
In Fig. 8, we plot |Oβ(t)|2 − γ inside the MBL phase on a log-log plot at various β for
W = 20. The expected power law behavior is seen. As β increases from 0 to 0.25, the slope
becomes shallower. As we discussed in Eq. (11), the power law exponent α depends on
both the entropy density s and the decay length ζ. The entropy per spin s decreases with
increasing β and is equal to log(2), 0.38 and 0.16 for the three values of β shown in Fig. 8.
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Since ζ = α/s, we find that the values of ζ are 0.57, 0.43 and 0.32, showing that the decay
length ζ does decrease significantly as β increases: the system, as expected, becomes more
localized as the temperature is reduced.
For this model (15) we have also examined the behavior of the OTO correlator near the
phase transition (which is thought to occur somewhere between W = 7 and W = 1041) and
in the thermal phase, as shown in Figs. 9 and 10. Notice that the curves are for |Oβ(t)|2
without subtracting a long-time constant. We find that even fairly deep in the thermal
phase, the decay is still close to power law before it slows down and saturates to a small
constant. The final saturation is a finite-size effect. In Fig. 10, we draw |Oβ(t)|2 for various
system sizes at W = 4. The power law behavior is quite obvious before the finite-size
effect shows up. This power law decay seems to be the case for all the different local Pauli
operators that we tried for Vˆ and Wˆ . It appears that the OTO is always coupling somehow
to the slow transport of the conserved quantities (energy and total σz), perhaps in a way
that also involves rare region Griffiths effects42. We now turn to a Floquet spin chain to see
if this feature changes in the absence of conservation laws.
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FIG. 9. |Oβ(t)|2 with Wˆ (r1, 0) = σˆx1 and Vˆ (r2, 0) = σˆx3 for the Heisenberg model with a random
field at β = 0 and various W on a log-log plot.
D. Floquet spin-1/2 chain
In this section, we study a disordered system subject to periodic driving. This Floquet
system has no conserved densities. Previous studies show that disordered Floquet systems
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FIG. 10. |Oβ(t)|2 with Wˆ (r1, 0) = σˆx1 and Vˆ (r2, 0) = σˆx3 for the Heisenberg model in a random
field with various system sizes. The random field hi ∈ [−4, 4] and β = 0.
can have both a thermal phase and a MBL phase.43,44 It has been shown that Floquet
systems without conservation laws can thermalize faster and more completely than the
corresponding Hamiltonian systems which necessarily conserve at least energy.45,46 Here
we numerically calculate the OTO correlator in both phases of such a Floquet model and
compare the results with other models. The properties of this periodically driven system
are determined by the unitary time evolution operator over one period, i.e., the Floquet
operator. Following Ref. 46, we consider this Floquet operator:
UˆF = exp
[
−iτ
2
Hˆx
]
exp[−iτHˆz] exp
[
−iτ
2
Hˆx
]
, (16)
where
Hˆx =
L∑
j=1
gΓσˆxj
Hˆz =
L−1∑
j=1
σˆzj σˆ
z
j+1 +
L∑
j=1
(h+ g
√
1− Γ2Gj)σˆzj . (17)
This model is a periodically driven system with period 2τ . UˆF is chosen in this particular
way so that it enjoys the time reversal symmetry. The eigenstates are real in the {σz}
basis, which simplifies the diagonalization of the UˆF operator. In the numerical calculation,
we choose open boundary condition with L = 12. The system parameters are (g, h, τ) =
(0.9045, 0.8090, 0.8), and for each sample {Gj}Lj=1 is a set of independent Gaussian standard
normal random variables.46
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Γ here controls the transverse field strength in Hˆx and also the disorder strength in the
longitudinal field in Hˆz. As Γ → 1, the disorder strength goes to zero and this model
thermalizes rapidly.45,47 As Γ → 0, the transverse field in Hˆx goes to zero and it is deep
inside MBL phase with the {σz} as the local integrals of motion. Ref. 46 shows that the
phase transition occurs at around Γ = 0.3.
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FIG. 11. |Oβ(t)|2 − γ with Wˆ (r1, 0) = σˆx1 and Vˆ (r2, 0) = σˆx3 at Γ = 0.1 on the log-log plot. This
Floquet spin model is defined in Eq. (16) with system size L = 12.
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FIG. 12. |Oβ(t)|2 with Wˆ (r1, 0) = σˆx1 and Vˆ (r2, 0) = σˆx3 on a semi-log plot. The Floquet spin
model is defined in Eq. (16) with system size L = 12 and Γ = 0.85. The black empty circles are
for the thermal phase of Heisenberg model in a random field with W = 2 and L = 12 (we shift this
curve upward for better comparison).
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For this Floquet model, the thermal average is uniform over all states since there are no
conservation laws. This corresponds to taking β = 0 in the OTO correlator. We first study
the OTO correlator in the MBL phase and find that the OTO correlator at Γ = 0.1 has
power law decay as expected (Fig. 11). We also examine the thermal phase with Γ > 0.3.
As shown in Fig. 12, the decay of the time-dependent part of the OTO correlator fits well to
a simple exponential function of time when we are deep in the thermal phase of this model:
|Oβ(t)|2 ∼ A exp(−λt) , (18)
where λ increases as we move deeper into the thermal phase. In the numerical calculation, the
finite-size effect will slow down the exponential decay and |Oβ(t)|2 will eventually saturate
to a small constant. Nevertheless, the exponential decay is obvious and is much faster than
the power-law decay in the thermal phase of the time-independent Hamiltonian studied in
the previous section (black empty circles in Fig. 12). This exponential decay behavior has
also been observed in the holographic conformal field theory which has large central charge
and is predicted to be a strongly chaotic system.24
IV. CONCLUSION AND REMARKS
In conclusion, we have explored the behavior of OTO correlators in various models that
have a MBL phase. The OTO correlator has recently been used to study black hole dynamics,
and has been used to characterize the speed of operator spreading. In this paper, we show
that in the MBL phase the thermally averaged OTO correlators converge to their long
time limit by quasiperiodic oscillations within an envelope that decays as a power of time.
We show this analytically within the effective model of the MBL phase. The power law
decay is due to dephasing caused by the exponentially small long-range effective interactions
between the localized integrals of motion. This argument is further verified numerically in
three different disordered spin-chain models. The exponent of the power law is linearly
proportional to the decay length of the effective interactions, which generally depends on
the disorder strength and the temperature. After a sufficiently long time evolution, the
thermally averaged OTO correlator eventually saturates to a constant determined by the
overlap between the local operators and the localized integrals of motion.
We further extend our calculation to the thermal phases and find that OTO correlators
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can apparently approach to zero in different ways. In the Heisenberg model under magnetic
field, we observe a power law relaxation to zero even deep inside the thermal phase. For the
Floquet spin model, on the other hand, we find that the OTO correlator approaches zero
exponentially in time. We attribute this faster decay to the absence of conserved densities
in this Floquet system.
The OTO correlator is sensitive to the weak long-range interactions in MBL phases which
distinguish them from noninteracting Anderson localized phases. Recently, there has been
several proposals for measuring the OTO correlator experimentally in systems of cold atoms
in optical lattices.14,48–50 A possible advantage of the OTO correlator over other quantities
like the entanglement entropy is that it might be more readily studied in the lab. It would
be very interesting to observe these power law decays in real experiments.
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